Problems with solutions
for Econ 5011

Nils-Petter Lagerlof
Department of Economics
York University, Canada

lagerlof@econ.yorku. ca

January 6, 2005



1 Problems

1.1 Preliminaries

Problem 1 Consider this differential equation:

Z(t) = a—bZ(?), (1)

where a and b are constants (i.e., independent of t).
(a) Find an expression for the steady state level of Z(t); denote it Z*. That

is, Z* is the level of Z(t) at which Z(t) = 0.
(b) Let X(t) = Z(t) — Z*. What is the steady state level of X (t)?

(c) Find a differential equation for X(t), i.e., write X(t) as a function of
X().

(d) Find a solution to the differential equation you wrote under (c). This
solution should be an expression for X(t) in terms of X(0), t, and things
which do not depend on t.

(e) Find an expression for Z(t) in terms of Z(0), t, and things which do not
depend on t.

(f) Does Z(t) approach Z* ast — oo ?

(9) Assume Z(0) < Z*; will Z(t) equal Z* for any finite t?

Problem 2 Let

where
a fortel0,ty)
a(t) — a fort € [to,tl] s
a forte (t1, 0]

where 0 < a < a < 00.

(a) Show the time path of a(t) in a diagram with t on the horizontal azis.
(b) Show the time path of In[X (t)] in a similar diagram.

(c) Let Z(t) =aZ(t), and Z(0) = X (0). Find an expression for the difference
In[Z(t)] — In[X ()], fort > t;.

(d) Find an expression for Z(t)/X(t), fort > t;.



1.2 The Solow model

Problem 3 Let steady state output per efficient worker be a function of the
saving rate: y*(s) = f(k*(s)), where k*(s) is defined from

sf(K*(s)) = (n+ g+ 6)k*(s). (2)

Let a(k) = f'(k)k/f(k). Find the elasticity of y*(s) with respect to s, i.e.,
find

. 3
ds y*(s) ¥
Your answer should be in terms of a(k*) only.

Problem 4 Recall that the golden rule level of k, here denoted k9, is given
by

f'(k) =n+g+0. (4)
Let the production function be CES:
f(k) = [(1 - a) +ak?]7, (5)

where p € (—o0,1), and a € (0,1). Let the golden rule level of saving be
denoted s9.

(a) Is s9 increasing or decreasing in n? How does your answer depend on
the sign of p?

(b) It can be seen that s9 equals the capital share of output in the golden rule
steady state. Show that in the CES case it holds that

lﬂmk:a[k]{

f(k) f(k)

(6)



1.3 The Ramsey model and applications

Problem 5 (The transversality condition) Consider the present-value
budget constraint in the Ramsey model, on per-efficient-worker form and with
a finite horizon, S. We can write this as

/S [w(t) — c(t)] e BOTM+I g 4 k(0) = 0, (7)

where the notation is as in the book and the notes. In particular, c(t) and
w(t) are consumption and wage in per-efficient worker terms, and

The budget constraint on flow-form can be written as:

k(1) = w(t) + (k) — c(t) — (n+ g)k(L). (8)
(a) Show that

o [k (t) e—R(t)-l—(n-i-g)t}
ot '

[w(t) — c(t)] e RO+m+a)t —

(9)

(b) Use (9) to show that we can rewrite the budget constraint in (7) as:
k(S)e BSHn+9)S — ¢, (10)

(c) Now let the horizon go to infinity. Use (10) and k(t) = K (t)/[A(t)L(t)]
to derive the transversality condition in the book:

lim K(S)e F®) =o. (11)

S—o0



Problem 6 (A linearized system) Consider the system of differential
equations derived in the Ramsey model:

clt) = G2 k(1) = p — 5] = We(t) k(1) 12)
k(0) = F k(1)) = e(t) = (n+ 9)K(D) = B(c(0). k(1).

A first-order Taylor approzimation of this system is given by

oft) = e(e™, k) e(t) — "]+ Lile?, k) [A(2) — &7] (13)
k(t) = ®.(c*, k*)[c(t) — ¢*] + Pr(c™, k) [k(t) — k7]
Let
%*f"(k:*) =~<0, (14)

and recall that 3 = p—n — (1 —0)g > 0. Let &(t) = c(t) — ¢, and k(t) =
k(t) — k*, and use the vector notation

()
2(t) = . (15)

(a) Find expressions for U.(c*, k*), Vi(c* k*), O.(c*, k), and Pr(c*, k*) in
terms of v and (3.

Your answer under (a) and the linearization in (13) imply that we can write
2(t) = = Bz(t), (16)
where B is a 2 X 2 matriz.

(b) Write B (i.e., all its four elements) in terms of v and (.

In steady state it must hold that ¢(t) = %(t) = 0. We are going to focus
on linear paths leading to (or from) steady state. On these paths the ratio
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&(t)/k(t) must be constant. This implies that &(t) and k(t) change at the
same rate; call that rate p:
o) _ k)
) k() 1"

o

There are actually two such paths, each with a distinct rate of convergence,
. We shall now see that these p’s are the eigenvalues of B.
(c) Show that these u’s must satisfy [B — ul] z(t) = 0, for z(t) # 0.

Now consider any 2 X 2 matrix

A:{au 042}_

Q21 Q22
(d) Show that det [A — MI] = 0 can be written as:'

A — Atr(A) 4 det(A) =0 (18)

(e) Use your insight in (d) to find both eigenvalues of B. You may denote
them py and py.

(f) Which eigenvalue is associated with a stable (convergent) path, and which
eigenvalue is associated with an unstable (divergent) path?

Problem 7 (More on eigenvalues and phase diagrams) Let x(t) =

—ay(t), and y(t) = Bz(t), where o and (B are strictly positive constants.
(a) Write this system on matriz form.

(b) Does the transition matriz have any real eigenvalues?

(c) lllustrate the dynamics of x and y in a phase diagram.

!The terminology and notation should be familiar: det(X) denotes the determinant,
and tr(X) the trace, of X. That is, if

T xT
X = 11 12 ,
T21 X22

then det(X) = x11299 — 12221, and tr(X) = 11 + x99 -
I is an identity matrix (with ones on the diagonal and zeros elsewhere).
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Problem 8 (The present-value Hamiltonian) Consider the following
optimization problem:

max_[7 TI(c(t), k(t), t)dt

c(t),k(t) (19)
subject to k( ) =&(c(t), k(t),1),

where T1(e) and £(e®) are functions; k(t) is called the state variable, and c(t)
the control variable. The present-value Hamiltonian associated with this prob-
lem is given by

H(c(t), k(t), A(t),8) = TL(c(t), k(2), ) + A£)E(c(t), k(2), 1), (20)

where \(t) is called the costate variable. It can be shown that the solution to
this optimization problem is given by the following conditions:

Ho(c(t), k(t), \(t),1) = 0

Hi(c(t),k(t), A(t),t) = —A(t) (21)

tlim E(t)A(t) =0
(a) Set up the Hamiltonian associated with the consumer choice problem ex-
amined in the book and in class:

max f o0t e gy
L (22)
subject to k(t) = w(t) +r(t)k(t) —c(t) — (n+ g)k(t).

(b) Apply the optimality conditions in (21) to the Hamiltonian set up under
(a), and = p—n— (1 —0)g, to derive the Euler equation:

c(t) 1

e —p— 2

=G0t (23)
(c) Use your answer in (b) to show that the transversality condition [the
third condition in (21)] can be written as tlim K(t)e Y = 0, where (recall)

fo T)dr. Hints: note that k(t) = K(t)/[A(t)L(t)]; that A(t) and
L(t) grow at mtes g and n, respectively; and that A\(0), A(0), L(0) are all
different from zero.



1.4 Tobin’s g

Problem 9 (More Hamiltonians) Consider the optimization problem in
a model with installation costs of capital:

nax Jo e [T{E (O} k(E) — I(t) — C(I(2))] dt
’ . (24)
subject to k(t) = I(t).

(a) Set up the present-value Hamiltonian associated with this problem, fol-
lowing the pattern in Problem 8. Denote the costate variable A(t). Which is
the control variable, and which is the state variable?

(b) Find the optimality conditions corresponding to (21).

(¢) Now define q(t) = €™ A(t). Show that the optimality conditions derived
under (b) can be rewritten as (8.18), (8.19), and (8.20) in the book.



1.5 Labor market models

Problem 10 Consider the Shapiro-Stiglitz model. The value of having a job
and exerting effort at some point in time t, which we denote VE(t), can be
approximated as

VE(t) = (w —8)At + e "M E{V (t + At)|E}, (25)

where At is some (small) time interval; e Pt is the relative weight put on

utility at time t + At; and we can call E;[V (t + At)|E] the expected value
at time t + At, conditional on “being in state E” (having a job and exerting
effort) at time t.

The probability of having the job at time t + At is given by e *>, where b is
the job separation rate. We let VU (t + At) be the value of being unemployed
at time t+At. Likewise, VE(t+ At) is the corresponding value of still having
the job.

(a) Find an expression for B[V (t + At)|E] in terms of the probability e *At,
and the value of each of the outcomes, VE(t + At) and VV(t + At).

(b) Find an expression for

t

VE@R) - VE(t + At)

A7 (26)
in terms of w, €, b, p, At, VE(t + At), VU(t + At).
(c) What does (26) approach as At goes to zero?
Your answer to (b) should look like this:
VE(HAA?;VE@) —w—T— {ky&ﬂ)m} VE(t + At)
(27)

oAl {I*T’tb“} VU(t+ At).

(d) Letting At go to zero in (27), using I’Hépital’s rule®, and your answer
under (c), find an expression for pVE(t) which looks like in the book and the

notes but now also contains a term VE(t).

2’'Hopital’s rule states that, if g(0) = h(0) = 0, then

lim 9@ _ o, 9@)

z—0 (J}) z—0 h'(l‘) ’




2 Solutions

Solution to Problem 1

(a) Z* = a/b.

(b) X* =0.

(c) X(t) = —bX(t).

(d) X(t) = X(0)e".

(e) Z(t) =Z* + X(t) = a/b+ X (0)e ™ = 4 + [Z(0) — &] ™"
(f) Yes, since limy .., e = 0; see the answer to (e) above.
(&)

No, if Z(0) < a/b, it holds that Z(t) < a/b for all finite ¢, since
0.

Solution to Problem 2

(a)-(b) see below:

a(t)
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Solution to Problem 3

The see textbook for details:

o(s) s alk)
Js y*(s) 1—a(k¥)

(28)

Solution to Problem 4

(a) The 4010 midterm 2003 shows that

T )

which tells us that s9 is increasing (decreasing) in n if p < 0 (p > 0).
(b) Note that

fww:[u—awumﬁfaMfﬂzwwW”a“”za{__}'

=

Multiplying by k/f(k) gives the capital share as in (6).
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Solution to Problem 5

(a) Use (8) to see that

k(t) — r)k(t) + (n + g)k(t) = w(t) — c(t) (31)

Differentiating k (t) e ) +("+9)* with respect to ¢, we get

k(.t)e—R(t)+(n+g)t + lk@) {_ sz +on 4+ g} e—R(t)+(n+g)t:|

— {k(.t) —r(t)k(t) + (n+ g)k(t)} o—R(O)+(n+g)t (32)

= [w(t) — c(t)) e RO+trro

where the first equality uses R(t) = r(t) and the last equality uses (31).
(b) We can write

0= [ [w(t) — c(t)] e RO+l gt 4 k(0)

R(t)+(n+g)t]

—fo { o }dt+k(0)

= [k (8) e MM 95] — [k (0) e O+ 4+ k(0)

=k (S) e~ R(S)+(n+g)S
nd the third equality uses R(0) = 0.

(S)], and A(S)L(S) = A(0)L(0)el™+93,

0. Letting S go to infinity gives (11)

where the second equality uses (9

) a
(c) Since k(S) = K(5)/[A(S)L
we can write (33) as K(S)e (5 =

12



Solution to Problem 6

(a) Taking the derivatives of (12) and then imposing steady state we get:
We(c* k) = 5 [f'(k*) — p— 0g] = 0

Ty(c" k) = (k") =~

(34)
O (c" k) = —1
Op(c" k) = f'(k") —(n+g)=p+0g—(n+g) =5
where the last equality uses f'(k*) = p + 0g and the definition of £.
(b) The answer under (a) gives:
_| 0
B-= { S ] (35)

(c) From (17) we see that &(¢) = pé(t) and k(t) = pk(t), so we can write:

BB
——

: 2(0) I
z(t)

We can then use (36) and (16) to write

z(t) = plz(t) = Bz(t) (37)
[B—pI] z(t) = 0. (38)

(d) Write:
A—pl = aip — a2 (39)
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so that
det [A—pd]

= (041 - M) (a22 - ,U) — Q21012
_ 2
= Q11022 — MA22 + (° — KA1l — G21012

= ,u2 — ,u(all + agz) + (a11a22 - a21a12) =0

N 7 N 7

~~

trer) det(A)

(e) From (35) it is seen that tr(B) = (3, and det(B) = . Similar to (18),
the characteristic polynomial is here given by

P —pPu+y=0 (41)
which has solutions

_ /B
M1 = 2 < (42)
2
[y = B/ B —4y >0

2

where the inequalities follows from ~ < 0, implying that \/5% — 4y > .

(f) Note that ¢(t) = uc(t) has solution ¢(t) = ¢(0)e. Thus lim; . ¢(t) =
0 and limy_,, ¢(t) = ¢* only if u < 0. So the negative eigenvalue is the stable
one, and the positive eigenvalue is the unstable one.
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Solution to Problem 7
(a) On matrix form it becomes
(1) :{0 —a} {z(t)]
y.t) g0 y(t)
A
(b) The characteristic equation becomes

A —tr(A) +det(A) =\ +aB =0

which does not have any real solution; there are no real eigenvalues, since
af > 0.

(¢) The (2 = 0)-locus lies on the y-axis, and the (§ = 0)-locus lies on the
z-axis. The trajectories are cyclical.

y

-

als
— L
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Solution to Problem 8

(a) The Hamiltonian becomes

e—Btic(t)t—°
H(c(t), k(t), M(t), 1) = <Ol

+A () [w(t) +rt)k(t) —c(t) — (n+ g)k(t)].
(b) The first two optimality conditions are

Hc(c(t)7 k(t)’ )‘(t)7 t) = eiﬁt[c(t)]ia - )‘(t) =0
. (44)
Hy(c(t), k(1), At), 1) = AE) [r(t) — (n+ g)] = —A(?).

We can use (44) to write

g =g lrt) —p—0g]

(c) The second line in (44) gives a differential equation for A(¢):

B = A(t) [0+ g — r(8)] (46)

16



which has solution
A(t) = )\(0)6("+9)t_R(t> (47)

We now see that

0 = Limk(£)A(t)

t—o0

= A(0) lim k(t)e(n9)t—E®)

t—o0

(M) N e ae
- () pms e
£0

where the last line uses k(t) = K(t)/[A(t)L(t)] = K(t)e~ ™9 /[A(0)L(0)].
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Solution to Problem 9

(a) The control variable is I(t) and the state variable is k(¢). The Hamil-

tonian becomes:
H(k(t),c(t),A(t) =
e " [m{K(t)}k(t) — 1(t) — C(I(t))] + ML)(2)

(b) The optimality conditions become

Hi() = e [~1 = C'(I(1))] = A(t) = 0

Hi () = e"m{K(t)} = =A(t)

tlirgoA(t)k(t) =0
(c) Tt is given that g(t) = e™A(t). The first line in (50) becomes
1+ C'(I(t) = €"A(t) = q(t)
which is the same as (8.18). Then the third line becomes
tliglo)\(t)k(t) = tlir&e’”q(t)k(t) =0
which is the same as (8.20). Then, note that
q(t) = e"A(t)

Infq(t)] = In[e" ()] = rt + In[A(£)]

q(.t) _
aty — " +

(49)

(50)



so the second line in (50) becomes

(K (1)} = —e"A(t) = rqt) — g

which is (8.19) in the book.
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Solution to Problem 10

(a) As follows:
EV(t+ At)|E] = e 2VE{# + At) + {1 — e P20 VY (t + At).
(b) Use (55) and (25):

VE(t)fo(tJrAt) —w—T— {lfe*Kter)At} VE(t + At)

oAl {I*T’;’“} VU(t+ At).

(c) The expression is simply the definition of a derivative:

. VE@)—VE(t+AY) } _
Alirilo { At

_Ahtglo {W} = —VE(t)

(d) Using I’'Hopital’s rule:

Alimo{l—efgjb)m} — lim {(p+b)e1(p+b)At} —p4b

i (eprt{l—ei*"“D:[hme—pAt] i 7
A0 At A0 At—0 At
N e

(55)

(57)

and (of course) lima; .o Vi(t + At) = Vi(t), for i = E,U. Using (56) to (58)

we get:

VE() = w—e— (p+ HVE(R) + V(Y

or

pVEM) =w—e+ V]”:(t) —b[VE@R) - VY ().
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