Problems for the graduate M.A. course in Economic Growth
York University, Winter 2004

Problem Set 1 (due in class January 26th, 2004):
Solve problems 1 to 5 below.

Problem Set 2 (due in class February 9th, 2004):
Solve problems 6 to 10 below.

Problem Set 3, which we make the last one (due in class March
29th, 2004):
Solve problems 11 to 16 below.

(1) For this problem you may use a mini calculator.

(a) If an economy’s per-capita income grew at a constant rate every year
for 10 years and doubled in that period, what was the annual growth rate?

(b) Per-capita income of some economy A grows an annual rate of 3%,
and that of another economy B at 2%. If B’s per-capita income is initially
double that of A, how many years does it take A to catch up with B.

(2) Use a 45°-diagram to illustrate the dynamics of the difference equa-
tion, x;41 = ¢(xy), in the parametric cases below. Be careful to draw the
graphs of ¢(x;) correctly.

(a) ¢(x¢) = a + bxy, where a > 0 and b € (0, 1).

)
(b) ¢(x;) = a(x;)®, where a > 0 and b € (0, 1).
(c) ¢(x;) = max{0,2,/z; — a}, where a € (0,1).
(d) ¢(zy) = t/(b+93t) where a > b > 0.
(e) ¢p(xy) = — bx?, where a > 1 and b > 0.

(3) For each of the cases in (2), find analytical expressions for all steady-
state equilibria (including the trivial zero steady state). Also, check analyt-
ically (without using a diagram) if they are (locally) stable or unstable. Is
any of the steady states oscillatory?

(4) Consider the difference equation: x4 = 2z4(2 — x4). Here your
answers from (2) and (3) (e) should be useful.
(a) Are there any stable steady states to this dynamical system?



(b) If we start off with o = 2, what can we say about the whole time
path for z;? That is, find a sequence {z;}°, which solves this difference
equation for the initial value zy = 2.

(c) Do the same as in (b) above, but now instead let zy = 1.

(d) Now assume that =g € (0,2), but 2o # 1. Use your favorite program
for simple numerical calculations (like Excel) to generate a time path for
x¢. Try a couple of different start values, and run the simulation for 20-30
periods. Generate a graph showing the time path for x;.

(5) Consider the profit maximization problem faced by an atomistic firm,
taking wages, w, and the real interest rate, r, as given: n&agm(K , L), where

7(K,L) = F(K,L) — wL — (r + §)K. (1)

This is a two-variable maximization problem so the second-order condi-
tion is a little more complicated compared to the single-variable case. To see
this, rewrite it as a single variable maximization problem, by first defining
optimal K as a function of L. That is, let

K(L) = arg max {m(K,L)}
and
7(L)=n(K(L),L).

Let L* = argmaxy {n(L)}, and K* = K(L*). We can now think of the
profit maximization problem as a single-variable problem, mLaXW(L), with

first-order condition (for a local maximum) 7'(L*) = 0, and second-order
condition 7" (L*) < 0.

To denote partial derivatives of multiple-variable functions we use the
notation % = Fg(K, L), 82?%’” = Fgi(K, L), etc.

(a) Find an expression for K'(L) in terms of partial derivatives of F' (K (L), L).

(b) Express the second-order condition 7”(L*) < 0 in terms of partial
derivatives of F(K*, L*). Is Fxx(K*,L*) < 0 and Fy;(K*, L*) < 0 sufficient

for the second-order condition to hold?




(6) (Azariadis and Drazen 1990). Introduce a threshold externality into
the Solow model, by letting total factor productivity depend on k;:

f(ke) = A(kokE,

M@I{
andX>Aand%>0.
(a) Draw the graph of f(k:).
(b) This production function exhibits a so-called non-convezity. In what
sense? R
(¢) Find conditions on exogenous parameters (such as A, A, and k) under
which the dynamics display multiplicity of steady states.

where

ifk>Fk
ifk<k '’

SN

(7) Galor (1996) considers a version of the Solow model where saving out
of labor income, s%, differs from that of capital income, s". This gives the
following dynamic equation for k;:

sULf (k) — f/(ko)ke} + 8" (ke)ke + (1 — 6)ky
1+n '

kt+1 =

[Here we follow Galor’s formulation and let capital income be given by f’(k)k,
rather than {f'(k) + 1 — 6}k.] We can write the (net) growth rate of k;, as

_kft+1—k't_ _ n+5
NWE T = &(ky) (1 +n),
where
Sw f(kt) + (Sr _ Sw>f1<kt>
(k) = ]

(1+mn)

(a) Verify that any steady state must satisfy Galor’s Eq. (3),1i.e., s f(k)+

(s" —s*)f'(k)k = (n+ 6)k.
(b) Show that llﬂir%f (k) = oo and klim ¢(k) = 0. [The Inada conditions on

f(k) are assumed to be satisfied.]



(c) Assume that &'(k) > 0 for some k > 0. Use the result in (d) above to
demonstrate that — for some n and ¢ — the model generates multiple steady
states. Illustrate in a diagram, and show which steady states are stable.

(d) Show that &'(k) > 0 is equivalent to (s" — s¥)f"(k) — sv [%] > 0,
where w(k) denotes the wage rate. What is a necessary condition on s* and
s" for there to be multiple steady states?

(8) This problem shows that the Diamond model can generate multiple
steady states, and refers to the example in Azariadis (1994, pp. 203-204).
Let production exhibit constant elasticity of substitution (CES), i.e.,

F(K,L) = AlaK ™" + (1 — a)L "],

where 1/(1 + p) is the elasticity for substitution between capital and labor.
Assume that this elasticity is less than one, i.e., p > 0. [More generally it
would hold that p € (—1,00).]

Assume logarithmic utility, so that saving is some constant fraction of
labor income. Show that the dynamics would be characterized by multiple
steady states for some level of total factor productivity A.

(9) Consider the Barro and Becker (1989) model.

(a) Rewrite the budget constraint for C; [see (59) in the notes| in terms
of Nt, Kt, Nt+1, Kt+1, Wy, /8t7 and Tt.

(b) Using the notation V; = N} *77C¢ + aVj,, (see the notes) formulate
a Bellman equation where the value function is given by V (K, Ny).

(c) From the first-order condition for K;,;, and Envelope, show that:
(Co/Crir)" ' =ani =7 (1 +141).

(d) From the expression in (c), derive the Euler equation for (c¢;/cyy1)7
[see (60) in the notes].

(e) From the first-order condition for N;,;, Envelope, and the expression
in (c), derive (65) in the notes:

l—0c—c¢

i1 = <L> [B:(1 + 7e41) — We]

(10) Consider the function determining unconstrained fertility in the Ga-
lor and Weil (1996) model:

wa@):v[ﬂw].

(1 — )k



Show that 9'(k;) < 0.

(11) Consider the Kremer model, presented in class. Period-t output is
given by

Y, = ALY PY
Technology evolves according to
At+1 = BAtl_ﬁPtﬁ7

and (here’s the news) population evolves as follows:

Y,
Piyi=n <Fi) P,

where n(-) gives fertility as a function of per-capita income, Y;/P;. We let 7
be per-capita income at which population is constant.

(a) Find a parametric example for n(-), which contains 7, and which
satisfies these three conditions: (i) n' (Y;/P:) > 0; (ii) n (y) = 1; and (iii) is
isoelastic, meaning In[n(x)] is linear (or affine) in In z.

(b) Use your answer in (a) to write a dynamical system for A; and P,.
That is, find an equation for A;.; in terms of A; and P, and exogenous
variables, and an equation for P,,; in terms of A; and P, and exogenous
variables.

(c) Draw a phase diagram with A, on the vertical axis, and P, on the
horizontal axis. Draw the loci along which AA; = 0, and AP, = 0, and show
the dynamic paths for A; and P, for different start values.

Hint: If you got the phase diagram right it should have a “threshold
curve,” which looks like a saddle path. Economies starting off below this will
vanish (A4; and P, will go to zero); and economies starting off above it will see
A; and P, growing without bounds. Since these is no transversality condition
imposed there is no reason to believe that any economy would position itself
on the saddle path.

(12) This question refers to Diamond’s “Guns, Germs, and Steel.” What
is the difference between a proximate and an ultimate explanation?

(13) Consider the model(s) in Lucas (2002, Ch. 5, Sec. 3), and the case
with logarithmic utility. When there are no property rights to land, we saw
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that we could write the first-order condition for n; as

1-pt

= ﬁvi-
Ct ny

(a) Use this first-order condition and the budget constraint to find an
expression for n; as a function of f(x;) and exogenous parameters.

(b) Let f(z:) = Az®, and recall that =11 = z;/n;. Derive a difference
equation for x; and illustrate the dynamics and the steady state in a 45°-
diagram. Is the steady state stable?

(c) How does the steady state level of x; depend on v, A, and k7 What
is the intuition?

Consider next the case where agents have property rights to land. With
logarithmic utility and Cobb-Douglas production it can be seen that the
value function takes the following form:

W(zy) =T+ ®lnzy,

where I' and ® are constants that depend on parameters of the model.
(d) Using this expression for the value function, show that optimal fertility

becomes
v o
ng = (E) Al’t s

where ¥ depends on (3, v, and ®.

(e) Substituting optimal n,; back into the max expression in the Bellman
equation, we can write the value function, W (x;), as a linear function of In x;.
Having done so, show what the unknown ® must be. You may check that it
fits with Lucas’ (2002, p. 133) result.

(14) Use your favorite program for simple numerical calculations (like
Excel) to replicate the time paths for S; and L; in the simulations of the
Brander-Taylor model shown in class. Use the numerical values in the notes.

(15) Consider the model of Galor and Weil (2000). Recall that optimal
education, e;, 1, is given by

G(etr1, gir1) = (T + esr1) helerir, gev1) — e, gep1) = 0



if €41 > 0, and €tr1 = 0 if G(O,gt+1) < 0.
Now consider the parametric example used in the notes:

€ty1 + PT
err1 + PT + Gryr’

h(€t+1; 9t+1> =

where p € (0,1).
(a) Show that optimal education in this parametric case is given by:

e(gi+1) = max {07 gr17(1—p) — ,07'}

(Disregard the 0 argument in the max expression if you find that confusing;
just derive e(gi11) = v/ gi+17(1 — p) — p7 assuming that e;; > 0.)

(b) Find g, i.e., the level of g,y below which e(g;+1) = 0.

(c) Find a parametric expression for h(gi11) = h(e(gis1), ger1). In words,
this is the level of human capital in period ¢ + 1 as a function technological
progress from period ¢ to ¢t + 1, taking into account both the erosion effect

from technological progress and parents’ optimal response to it. The answer
should look like this:

something containing p7 and gy, if g1 <9

something containing /7(1 — p) and \/g;1 if giy1 > 9

where g is the solution you found in (b).

plaeer) = {

Next, as in the notes, let technological progress take this functional form:

gir1 = g(e, L) = (es + pr)a(L)

where a/(L) > 0 and limy_. a(L) = a* € (0,00).

(d) If a(L) is large enough there exists a steady state (€,g) at which e > 0.
Find parametric expressions for € and g.

(e) Use your answer in (c) to find the corresponding level of human capital,
h(e,q), as a function on a(L).

(f) Use the expressions for h(eii1,g:41) and g(ey, L) above to find an
expression for human capital in a steady state where e = 0. That is, find
h(0,9(0,L)). Does human capital in the steady state with zero education
differ from the steady state with positive education?
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(g) At what level of a(L) does the economy move from the steady state
with no education and slow technological change, to the one with positive
education and faster technological change?

(16) Consider the model of Lagerlof (2003).
(a) Using the functional form for A(P;) given in the paper and in the
lecture notes, find

lim A(F,).

P;—o0
(b) Show how to derive the expression for optimal education time:

1 L

S T )

(c) Use the above expression for h;, and find what h; approaches as both
P, and H,; go to infinity.

(d) Use your result in (c) to find what B; approaches as P, and H; go to
infinity.

(e) Use the expression for human capital accumulation,

Hyoy = A(P)[L+ Hy (pv + hy)

to derive an expression for the gross growth rate of human capital, Hy 1/ Hq,
in an economy where both P, and H,; exhibit sustained growth (i.e., both
approach infinity).

(f) In an economy where both H; and P, exhibit sustained growth, and
H,; grows faster than P;, the survival rate, T}, goes to 1. Thus, the birth rate
derived in (d) determines the gross growth rate of P,. Derive a parametric
condition for this type of growth path to exist.



Solutions to selected problems

(1) (a) The annual growth rate was about 7.18% (since 1.0718° =~ 2);
(b) It takes In(2)/In(x%) ~ 71 years.

1.02
(2)
(c) ¢(x;) coincides with the zp-axis for 2, € [0, (a/2)?]. Thereafter the
slope is positive and diminishing, intersecting the 45°-line twice.
(d) Diminishing slope; should be drawn so that ¢(z;) is bounded from
above by a.
(e) Should be hump-shaped, peaking at z; = a/2b.

(3)

(a) One unique steady state, T = a/(1—b). Stable since ¢'(T) = b € (0,1).

(b) Two steady states: T = 0, and T = aT™F. T = 0 is unstable since
lim,_o ¢/ (z) = 0o. T = aT is stable since

#(@) = ab (@) = ab (ar b)“ —be(01).

(c) There are three steady states. First T = 0, which is stable because
#'(0) = 0. The other two are given by T = 1 — a + 2v/Z — 1. Let 2z = /7,
this gives 22 — 22+ 1 = (2 — 1)? = 1 — a, which has roots 2 = 1 ++/1 —a
and z = 1 — /1 —a. This gives the two remaining steady states as z* =
{1 ++v1—a}?>>1and 7 = {1 — /1 —a}? € (0,1). Since ¢'(z) = 1//,
T* is stable and ** unstable.

(d) There are two steady states. First T = 0, which is unstable, since
¢ (z) = (bﬂ 72, Which gives #'(0) = a/b > 1. The other steady state is given
by T = a — b, which is stable, since ¢'(a — b) = m, =b/a € (0,1).

(e) There are two steady states. First T = 0, which is unstable, since
#'(x) = a — 2bx, so ¢'(0) = a > 1. The other is given by T = az — bT>
orl=a—1b% orT = (a—1)/b. To check stability, note that ¢'(%;%) =
a—2(a—1) = 2—a. The steady state is stable if, and only if, 2—a € (=1, 1).
The upper bound is OK since a > 1 is assumed. The lower bound requires
that a < 3. The steady state will be oscillatory if 2 —a < 0, i.e., if a > 2.




(4).
(a) No. See solution to (3) (e) above, setting a =4 and b = 2.
(b) Starting off with xy = 2, x; goes to the zero steady state in the next
period and stays there forever. That is: {z}°, = {2,0,0,...}.

(c) Starting with o = 1 gives z; = 2 and the zero steady state forever
after that. That is: {z};°, = {1,2,0,0,...}.

(d) T should have added that xy # 1.5, as well as xy € (0,2), and xy # 1.
(The unstable steady state is 1.5.) Then the time path for z; should display
chaotic behavior; it should look a bit like below.

2.5

WA

0 U : L/ L/
5 10 15 20 25 3

0 35

(5)

(a) From the definition of K (L) the first-order condition for K must hold
at K = K(L). So we can write mx(K(L),L) — (r + ) = 0. Thus, using the
Implicit Function Theorem, we get

oy Tro(K(L),L)  Fxi(K(L), L)
) = e ®@D).D) ~  Fan(K(D), 1) )

where the second equality comes from 1.
(b) First find 7'(L):

(L) =7ng(K(L),L)K'(L) + m(K(L), L)
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Then find 7”(L):

n"(L) = g (K(L), L)K"(L) + mx(K(L), L)K'(L) + mxx(K(L), L){K'(L)}?
—|—7TLL(K(L), L) + 7TKL<K<L), L)K’(L)

(3)

where the first three terms are the derivative of 7wy (K (L), L)K'(L) with
respect to L, and the last two terms are the derivative of 7w (K (L), L) with
respect to L.

Next, we evaluate 7”(L) at L = L*. Since K* = K (L*), this amounts to
evaluating the terms on the right-hand side of (3) at K* and L*, and we know
that 7 (K*, L*) = 0 by definition. Using (2) the remaining terms become:

R(17) = e (K7, L) (L) + oK, DY (E))2 + s (K, 1)
[ﬂ' (K*vL*)] [ﬂ- (K*vL*)} * *

2 ) T mee, ) T n(K5 L)

= (W) [mon (K, L )mger (K, L*) — [mger (K, L))

- (W) [Fro(K*, L*) Frr(K*, L*) — [Frp(K*, L*)]?].

Since Frg(K*,L*) < 0, for 7”(L*) < 0 to hold, the production function
must be such that

Fro(K,L)Frg(K,L) — [Fxr(K,L)]* >0
in optimum.

(6)

(a) The production function look roughly as below, making a ‘jump” at

~

k=k.
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f(k)

_

k

(b) The production possibility set, {(k,y) € ®% : f(k) > y}, is non-convex,
meaning a linear combination of two points in the set need not fall within
the set. R

(c) Calculating the two steady states associated with A and A, k& must
fall in between these. This gives:

sA ﬁ<E< sA s
n+o6 —\n+6 '

(8) The intensive-form production function can be written as f(k) =

Alak™ + (1 —a)] ».
- / —p (1)

First we can see that: f'(k) = aA~" (T) :

Then some tedious algebra gives us: w(k) = f(k) — f'(k)k = (1 —
a) AP[f (k)]

Implying that: klim w(k)=(1— a)%A > 0.

And: }Cin(l)w/(k:) = 0.

In a standard Diamond setting it can be seen that k;y; =const.xw(k),

so given the behavior of w(k) above we can get multiple steady states of we
play around with A.

(9)
(a) Ct = Ntwt + (1 + Tt)Kt — /BtNtJrl — Kt+1. Note that Nt+1 = TLtNt.
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(b) The Bellman equation becomes:

N} ° (Nywy + (1 +74) Ky — By Nev1 — K1)’
K N — t t + +
V< b t> Ntfrlll%Jrl +04V(Kt+1a Nt+1)

(¢) The first-order condition for K; ; gives N} = 70C{ = aVi (K11, Nij1).
Using Envelope, we can write Vi (K;, N;) = N 7¢C7 (1 + r,) (plus
zero terms). Forwarded one period, and using Ny ; = n;N;, this gives:
(Ce/Cra)" ™ = ani =7 (1 + repq).

(d) Using C; = ¢; Ny, and Nyy1 = nygNy, the Euler equation follows from
the expression in (c): (¢;/ciy1)? ' = any; °(1+ripq).

(e) The first-order condition for N, gives

Ntl—a—agof—lﬁt = aVn(Kiy1, Nij1). (4)

Using Envelope gives

1
VN(Ky, Ny) = (1—e—o0) Ntl_E_JCU_ + Ntl_a_aaof_lwt

t Nt
1—e— C
= N 7C! <7Z J) ﬁi + wy
~~

(plus zero terms). Forwarding one period, using the first-order condition in
(4) and Ny = ny Ny, we get

_ e _ l—-e¢—0
cCy '8y =a n 7 oC7 {(7 Ciq1 + Wipq
—_—— o
(Neg1/Ny)l=e=c

Next using (Cy/Ciy1)° " = any = 7(1 + ryyq), we get

41 = <L> [B:(1 + 7e41) — W]

l—e¢—0

(11)

(a) For example: n (%) = (Y%Pt)y, where v > 0.
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(b) If choosing the same form for n(:) as I chose in (a), the dynamical
system should look as follows:

A = BAP

ALepp )
Py = {’*Tt} P,

(c) The (AA; = 0)-locus can be written:

A = (Bl/ﬂ) P,

and the (AP, = 0)-locus as

y —a
At - <L1a) F)tl

The phase diagram should look as below.

7 a4

7o

v
<0
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(13)
(a) (]- - ﬁ)k‘nt = B’YCt = 67 [f(l’t) — k‘nt] = ng = 1__;(’1)/__7)1%1?)

(b) Tps1 = i/ = ——w = MIZBUA)] 1= The steady state is

_ By Az ByA
1-B(1—y) k

stable.

1

w] ® A rise in ~ lowers

(c) Setting x;1 = x; = x* we get x* = [k A
x* (more weight on children makes population density higher); a rise in A
lowers z* (more productive land makes population density higher); a rise in
k leads to higher x* (higher cost of rearing children leads to lower population

density).
(d) FOC for n;:

o —1 . — 1 __xt
(1—0)[Azf —kny] k=7 [fy(nt) 14 <I>xt+1 > } )

Multiplying through by n, and using z,1 = z;/n; we get (1—3) [Az® — kn,] ™" kn; =
B (v — ®). Solving for n; we get

n_(é)[ By —®) }xa
Tk ) | 1=B=pBy+pP|?

N /

=

(e) The value function is given by W(z;) = (1 — f)Inc¢; + Bylnn, +
BW (z411), where ¢, ng, and z,, are all substituted for by using the expres-
sion for optimal n; above:

=AxY—kni=ct

Wiz) = (1—-0)In{Az}[l - ¥J}

=ny

U Axy
+An [ x}

=Tip1=2¢/MN¢

kxl—e
F+dl ¢
+06|T + n{ 10 }

N J/
-~

=W (z¢41)
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This can written as a linear function of In z;:

W(x;) = -constant
+H{(1 = B)a + Bya + o1 — )} In.

=0

Solving for & we get & = alljészg) which fits with Lucas’ answer (p. 133).

(15)
(a) First note that

gt+1
lewy1 + p7 + gt+1]2

he(€t+1; 9t+1> =

Setting G(es41, gi+1) = 0, or (7 + €441) he(€rs1, Gr41) = hlery1, ge1), We get

(T+e1) g1 e+ pT

ler1 + pT + gt+1]2 €i+1 + PT + Gey1

or
(T +e1) g1 = lewrr +p7 + Gera] (41 + p7)
Gea1 [T+ €1 —erpn — p7] = lewr + p7] (€41 + p7)
g [T(1=p)] = lerys +pr)”
which gives e;11 = €(gs11) = v/ ge17(1 — p)—p7. If this is something negative

the non-negativity constraint on e;; binds, in which case e;1; = 0 becomes
the optimal choice. This gives the expression sought for.

(b) Set the unconstrained choice of ;11 to zero; i.e., e;11 = v/ gi17(1 — p)—
pt = 0. The level of g;,; at which this holds is:

(pr)* p*r
T(l—p) 1-p

__pT
PT+gt+1

1{T(1—p) . ~
>
Va9 2

if g1 <7
h(9t+1) =
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T(L=p)la(L)*; e = /g7(1 = p) = pr = 7(1 = p)a(L) - p7

) =1/[1 + a(L)], which is the same as in (e)
When g(O L) = pra(L) comes to exceed g = f%Tp [see (b)], i.e., when
> p/[1 — p]. Notably, this condition also ensures that € > 0 and § > g

(a) Plim A(P) = A*

(b) Substitute optimal fertility, B; = (1%) Flht’ into the max problem:

Cy

\

Ve

a
I;Bg%an{l_ T }(L+Ht)+

aln(T;) — aln <1jiLa) (v+ ht)}
+adIn[L + A(P) [L + H] (pv + hy)]

~—
Hiqq

The first-order condition for h; gives

1 A(R,) [L + Hy] .
- <v+ht) T AP L+ H (o )

Solving for h; gives

1 L
1-6 l”(‘s_p) T AP)(L+ Hy)

ht:

(c) As A(P;)(L+ H;) — o0, the 2nd term in square brackets vanishes and

hy — 220,

(d) Using By = (ljfa) oin, and setting hy = 5) we see that B; on the
sustained growth path equals (1%) v(ll__‘sp)
(e) Use the production function for human capital:

Hyi/He = A(R) (L + Hy) [He] (pv + ) -
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With sustained growth in P, and H; it holds that (L + H;) /Hy — 1, A(P;) —

A*, and h; — ”(16__6P )50 that on the sustained growth path

Hipno . v(6—p)\ _ Avé(1 —p)
H, _A'Q”+ -6 ) 1-3%

(f) For T; — 1 to hold human capital must grow faster than population
so that H;/P, approaches infinity. This requires that

Ht+1_A*v(5(1—p)>B+1:( o > 1—6

H ~—~  1-6 P 1+a)v(l—p)

or
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